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$P_{d}$ , ( 3
). , $\sum_{i=1}^{m}a_{i}x_{i^{2}}(n\in \mathrm{N}$,
$a_{i}\in \mathrm{G}\mathrm{F}(q))$ ( 5, 6), $n$
$x_{1}^{k}+ \sum_{i=2}^{n.2}x_{\tilde{i}}^{1}$ ( 7, 8) $P_{d_{0}}$
$P_{d_{1}}$ Gauss sum Jacobi sum
. $\tau\iota$ , $p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2k)$ ,
$x_{1}^{k}$
.
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$\mathscr{F}$ : (authenticator) ,
$f$ : $.\mathscr{S}\mathrm{x}g$ $\mathscr{F}$ .
$f$ (authentication nlap) ,
$\mathrm{A}$ , $\mathrm{B}$ , $\mathrm{C}$
.





3. $\mathrm{B}$ $e\in g$ $f(\mathrm{S}_{\}}e)$ ,










2, $t’=f(s^{t}, c)$ , $\mathrm{B}$ $m’$ A
.
Pd .
3( ) 1. $\mathrm{C}$ A $\mathrm{B}$
$m=(_{\iota}\mathrm{s}, t)$ $.\mathrm{s}’\neq s$ $s’$
$m’=(s’, t’,)$ $\mathrm{B}$ .
($f’.\in \mathscr{F}$ )




$P_{d_{0}}= \max_{s(,\mathrm{t})\in\swarrow \mathscr{H}}‘\frac{|\{e\in \mathscr{F}.t=f(s,e)\}|}{|g^{\theta}|}..$ ,
$P_{d_{1}}= \mathrm{n}1\mathrm{a}.\cdot \mathrm{x},\cdot\frac{|\{_{C\in}\prime \mathscr{F}.t=f(s,e)\ t’=f(s’,e)\}|}{|\{e\in\zeta \mathscr{F}.t=f(S_{\backslash \prime}e)\}|}s \neq\ovalbox{\tt\small REJECT}_{S}.\cdot$
.
$P_{dt}$ , $\max$ $s\neq s’$ $(s.t))(\mathrm{s}_{1}’t’)\in.\ovalbox{\tt\small REJECT}$
1.2
$(\mathscr{S}. g, \mathcal{J}^{J}.f.)$ . $(\mathscr{S}, +)$ ,
$(\mathscr{T}, +)$
$\mathscr{S}=g$
, $F$ $\mathscr{S}$ $\mathscr{T}$ . ,
$f(s, e)$
$f(s, e)=F(s+e)$
, $|\mathscr{S}|=v,$ $|.F|=u$ .
, $\mathscr{S}=g=\mathrm{G}\mathrm{F}(q)^{7\ddagger},$ $\mathscr{T}=\mathrm{G}\mathrm{F}(q),$ $F$ $\mathrm{G}\mathrm{F}(q)^{n}arrow$
$\mathrm{G}\mathrm{F}(q)$ ( $n$ , $q$ )
.
1([2] Lemma 1) $=\mathscr{S}$
$\mathrm{x}F(\mathscr{S})\subseteq \mathscr{S}\mathrm{x}.\mathscr{F}$ ,
F $(\mathscr{S})|$ , $(s,t)\in \mathscr{S}\mathrm{x}F(\mathscr{S})$
$\mathrm{P}\mathrm{r}((s, t))$ .
$\mathrm{P}_{1}\cdot((s_{\backslash }.t))=\frac{F^{-1}(t)}{v^{2}}$ ,
$F^{-1}$ $t$ (preimage) .
1([2] Theorem 2) $(\mathscr{S}, +),$ $(\mathscr{T}, \neg-)|$
$v,$ $u$ $F$
$\mathscr{S}$ $\mathscr{F}$











1.3 Perfect nonlinear mapping
$(A, +)$ $(B, +)$ $n,$ $m$
. $f$ : $Aarrow B$ , $f$
,
$P_{f}=1 \mathrm{n}\mathrm{a}\mathrm{x}\max \mathrm{P}\mathrm{r}(f(x0\neq a\in Ab\in B+a)-f(x)=b)$
$\mathrm{P}\mathrm{r}(E)$ $E$ .
2([2] Lemma 3) $f$
.
$(A, +)$ ( $B\}$ )
.
$\ovalbox{\tt\small REJECT}$
. $0 \neq a\in Ab\in B\mathrm{n}1\mathrm{a}\mathrm{x}\max(\frac{\sum_{y\in B}|c_{/_{\tau/}}\cap(C_{y+b}-a)|}{|A|})$ ,
$C_{y}/:=f^{-\cdot 1}.(y)=\{x\in A : f(x)=y\}$ .
$\sum_{b\in B}\sum_{iy\in B}|C_{?\mathrm{J}}$ ( $C_{y+b}$ -a)|=| \vdash .





. $P_{J}$. $f$ .
(
$f(x\text{ }a)-f(\prime x)=b$ $x\in A$
$f$ ). $P_{f}=1/m$ , $f$
(perfect nonlinearity) . $f$
0
$a\in A$ $\mathrm{P}\mathrm{r}$ ( $f$ ( $x$ $a)-f(x)=b$) $=1/7r\iota$
$\mathrm{a}\mathrm{e}$




1, $f$ : $Aarrow B$ .
2,
$\mathrm{U}\neq a\in A1\mathrm{I}1\mathrm{a}\mathrm{x}|\{x\in A : f(x+a)-f(x)=b\}|=b\in B\frac{|_{\sim}4|}{|B|}$ .
3. $0\neq Cl\in A,$ $b\in B$ $f(x+a)-$
$f(x)=b$ $\ ^{J\mathrm{J}}$ $x\in A$ $TF^{L}x^{\overline{r}}$ $\frac{|A|}{|B\}}$ .
$p$
$x^{8}$ : $\mathrm{G}\mathrm{F}(p^{m})arrow \mathrm{G}\mathrm{F}(q_{\mathit{3}^{m}})$
.




. $\mathrm{b}^{\neg=p^{k}}+1$ $m/\mathrm{g}\mathrm{c}\mathrm{d}(n_{\overline{\mathrm{A}}}, k)$
. $s=(3^{k}. +1)/9$. $p=3$
gc.d(m, $k$ ) $=1$ .
4([2] Lemma 5) $p$ GF(P\pi
$\mathrm{G}\mathrm{F}(p^{h})$ $f(x)$
$f(x)=\mathrm{R}_{\mathrm{G}\mathrm{F}(p^{\mathfrak{n}\mathrm{c}})/\mathrm{G}\mathrm{F}(\mathrm{p}^{\hslash})}.(x^{s})$




. $s=p^{k}+1$ $\gamma\gamma p./\mathrm{g}\mathrm{c}\mathrm{d}(m\backslash k)$
. $s=(3^{k}+1)/2$ $p=3$ $k$
$\mathrm{g}\mathrm{c}\mathrm{d}(m, k)=1$ .
2
( $\mathscr{S}$ , $\mathscr{F},$ $f(s,$ $e)$ )
$=(\mathrm{G}\mathrm{F}(q)^{n}, \mathrm{G}\mathrm{F}(q)_{:}^{11}.\mathrm{G}\mathrm{F}(q),$ $F$ ( $s\cdot$ $e$ ) $)$
, $F$ : $\mathrm{G}\mathrm{F}(q)^{n}arrow \mathrm{G}\mathrm{F}(q)$
:
$F(x_{1\backslash }\ldots, /.\sigma_{n})=x_{1}^{2}+\cdots+x_{n}^{2}$ .
.
5([2] Lemma 9, 10) $n$ ,
$g(\tau_{11}, \ldots, g_{n}^{\backslash },)$ $\mathrm{G}\mathrm{F}(q)$ .
$a\in \mathrm{G}\mathrm{F}(q)$ , $g(x_{1}, \ldots x1)\hslash_{J}=\mathit{0}$.
$\mathrm{G}\mathrm{F}(q)^{n}$ $N$ ,
.
$N-q^{n-1}=(1-\epsilon(7\iota))\mu((-1)^{\langle n-1\}/2}\triangle a)q^{(n-- 1)/2}$
$+\epsilon(r\iota)\mu((-1)^{n/2}\triangle)\delta(a)q^{(n-2)/2}$ .
$\mu$
$\mathrm{G}\mathrm{F}(q)$ , $\triangle$ $g$




$q-1$ , $x=0\mathit{0}\supset[succeq]\yen$ .




$n$ , Chanson $P_{d_{\text{ }}}$
$P_{\mathrm{r}l_{1}}$ .
3([2] Theorem 11) $\tau\iota$ .
$\mathscr{S}=\epsilon \mathscr{F}=\mathrm{G}\mathrm{F}(q)^{n},$ $\mathscr{S}=\mathrm{G}\mathrm{F}(q)$ , $F$ : $\mathrm{G}\mathrm{F}(q)^{n}arrow$
$\mathrm{G}\mathrm{F}(q)$ $F(x_{\mathrm{I}}, \cdots\backslash x_{n})=x_{1}^{2}$ . . . $x_{\mathrm{n}^{2}}$.
, :
$P_{d_{0}}=\{$
$\frac{1}{q}$ $\neg_{q^{(n+2/\underline{\mathrm{Q}}}}q-1$ , $n\equiv 0$ (4) $)$
\neq , $n\equiv 2$ , $q\equiv 1$ (4),
$\frac{1}{q}+\frac{1}{q^{\langle n+)/2}\sim},)$




$+$ $\ovalbox{\tt\small REJECT}_{9}+1q^{(n+)/arrow-q}\sim 0$
’
$7l\equiv 0$ (4)
+\sim T ]’ $n\equiv 2$ , $q\equiv 1$ (4),
$\frac{1}{q}+n+\cdot\sim)/\mapsto_{q}\supset-(q-1)q2\underline{q_{q}}-1$ , $n\equiv 2_{1}$ $q\equiv 3$ (4).
$n$ [4]:
4 ([4] Theorem 13)







$P_{d_{\text{ }}}$ $P_{d}$ , :
5([5]) $q$ , $\mathscr{S}=\prime \mathscr{F}=\mathrm{G}\mathrm{F}(q)^{n}$ ,
$\mathscr{F}=\mathrm{G}\mathrm{F}(q)$ . $F(x_{1)} \ldots : \sim.f_{l_{\Pi}}.)=\sum_{\dot{x}=1}^{n}\mathit{0}_{(i}.\cdot r_{i^{2}}$.
$o_{i},\in \mathrm{G}\mathrm{F}(q)$ $a_{1}\cdots a_{n}\neq 0$ .
$n$ ,
$P_{d_{1}}‘= \frac{1}{q}+\frac{1}{q^{(n-\vdash 1)/2}}$ .
$n$ $a_{1}\cdots a_{n}$.
$P_{d_{\cup}}=\{$
$\frac{1}{q}+\neg_{q}(r\iota+\rangle\underline’)1.\underline,$ $n\equiv 2,$ $q\equiv 3$ (4),
$\frac{1}{q}+,\neg_{q^{(}}1\cdot\vdash 2\rangle\urcorner\sim q-1$, .
$n$ $a_{1}\cdots a_{?l}$ ,
$P_{d_{0}}=\{$ $\frac{1}{\frac{1q}{q}}++\frac{\ovalbox{\tt\small REJECT}_{\frac{-1}{+1/21}}q^{(\prime 1}}{q^{(\eta.+2)/\mathrm{Q}}\sim}\underline{.,})$
’
$n\equiv 2_{7}$ q\equiv 3 (4) $)$.
6([5]) 5
$n$ ,
$P_{d_{1}} \leq\frac{1}{cf}+\frac{1}{\mathrm{r}_{\mathit{1}^{\langle n-- 1\}/2}}-1}$ .
$n$ $a_{1}\cdots a_{n}$ ,
$P_{d_{1}}\leq\{$
$\frac{1}{\mathrm{q}}+\ovalbox{\tt\small REJECT}_{\tau}+1q^{(n+\cdot)/2}-q$
$q\equiv 3_{:}n\equiv 2$ (4),
$\frac{1}{q}$ $.\ovalbox{\tt\small REJECT} 2-1q^{(\mathrm{n}\star’)/2}-(q-1)q$ .
3
$q=p^{r}$ . $?$} $\geq 3$ , $k\in \mathbb{Z}$
$2<k<q-1$ $q-1$ .
$F(x_{1,\ldots:}x_{\mathrm{n}})=x_{1}$ $+x_{2^{2}}+\cdots+x_{n}^{2}\backslash$ \doteqdot F’
perfect nonlinear .
31 $n$ Pd $P_{d}$ ,
71 , Pd Pl
:
7([5]) $r\iota>2$ , $\mathscr{S}=(\mathscr{F}=\mathrm{G}\mathrm{F}(q)^{r\iota}$ ,
$\mathscr{F}=\mathrm{G}\mathrm{F}(q)$ , $k$ $2<k<q-1,$ $k|(q-1)$
, $F(a:_{1)}\ldots : x_{n})=.\cdot\iota_{1}^{k},\cdot+$
$\sum_{i=2}^{n}.x_{i^{2}}$ . :
$P_{d_{\mathrm{O}}}=\{$




$n\equiv q\equiv 3$ (4),
5, 6, 7, 8 Gauss Jacobi
,




, $q=p^{r}$ Jacobstllal sums
[6].
1 , $p$ $p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2k)$
. $\mu$ $\mathrm{G}\mathrm{F}(q)$ \rightarrow .
$a\in \mathrm{G}\mathrm{F}\langle q$ ) $\mathfrak{j}_{\mu}$ Jacobsthal sums $\phi_{k_{:}r}.(a),$ $\psi_{k,r}(a)$
:
$\acute{\varphi}_{k,r}(a):=\sum_{x\in \mathrm{G}\mathrm{F}(q)}$






1 [6] \psi &,r( .
$cb_{k_{\backslash }\cdot r}(a)$ GF ) $a$
.
1 $?L$ , $0\neq t\in \mathrm{G}\mathrm{F}(q),$ $\mu$ $\mathrm{G}\mathrm{F}(q)$ 2
, $N_{k,r}.(t)$ $x_{1}^{k}+ \sum_{k=2}^{\tau \mathrm{z}}x_{i}^{2}.=t$
:
$N_{k,r}(t)-q^{n-1}$ $=$ $\mu(-\cdot 1)^{(n-2)/2}q^{(n-2)/2}$
$\mathrm{x}(\mu(t)+k\mu(-1)\cdot\psi_{k,r}.(-t))$ .
$\mathrm{G}\mathrm{F}(q)$ $\chi,$ $\chi_{1}$ . $\chi_{2}$ ,
Gauss sum $\tau(\lambda’)$ , Jacobi sum $J(\chi_{1}, ,\{\underline{\circ})$
:
















$k-1$ , $a$ $t_{\hat{u}}$ ,
-1, -
, $B=\{a^{k}. : a\in \mathrm{G}\mathrm{F}(q)^{*}\}$
$a \neq^{J}\sum_{0_{}1}\mu(1$






2 $\mu$ $\mathrm{G}\mathrm{F}(p^{r}..)$ 2 ,
$\phi_{k^{n},r}(a)=\{$
$\mu(a)\varphi_{h^{n},\mathrm{r}}^{l}(a^{-1})\backslash$ if $k$ is even,
$\oint l(a)’\sqrt\}k,r(a^{-1})_{:}$ if $k\cdot.$ is odd.
$p=2kf+1$ , : $q=p^{r}$
. $\hat{\chi}$ 2 $\mathrm{G}\mathrm{F}(q)$ ,
$\mathrm{G}\mathrm{F}(q)$ $\gamma$ (=exp(2\pi i/2
, $\hat{\chi}(\gamma)=\zeta$ . $g=\gamma^{p^{r-1}}$




2 $a\in \mathrm{G}\mathrm{F}(q),$ $a=\gamma^{e}’(1\leq e\leq p^{T}-1)$
, $a^{p^{\prime-1}}=\gamma^{e\cdot p^{r-- 1}}=g^{e}$
9
$e=\mathrm{i}_{11}\mathrm{d}_{\gamma}a=\mathrm{i}\mathrm{n}\mathrm{d}_{g}a^{p^{r-1}}$
$a\in \mathrm{G}\mathrm{F}(p)$ $P\equiv 1$ (lnod $k$ )
.
$\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}a=p^{r-1}\cdot \mathrm{i}\mathrm{n}\mathrm{d}_{\mathit{9}}a\equiv \mathrm{i}\mathrm{n}\mathrm{d}_{\mathit{9}}$a (Inod $k$ ).
89
$\phi\kappa.(a)(a\in \mathrm{G}\mathrm{F}(p))$ [1] The-
orem 6114 :
9([6] Theorem 3.1) $p$ $t_{v}^{\Lambda}$




$\chi$ , $I\iota_{7}^{r}.(\chi):=\chi(4)J_{7}.(\chi, \chi)$
, $r=1$ , $I\iota_{1}^{-}(\chi)$ $K(\chi)$ .
3 [6] Theorem 31 $a\in \mathrm{G}\mathrm{F}(p)$
, $a\in \mathrm{G}\mathrm{F}(p^{T})$
.










$\gamma\in \mathrm{G}\mathrm{F}(q)$ $\mathrm{G}\mathrm{F}(q)..\wedge\cdot$ . $7r\iota,j\in \mathbb{Z}$
$\phi_{k_{\mathrm{t}}r}.(\gamma^{km+j})$ $=$ (-1) 11) $\phi_{k^{\pi},r}(\gamma^{j}’)$ ,
$\psi_{k_{7}r}.(\gamma^{km+j})$ $=$ $(-1)^{?1\tau k}\psi_{k,r}.(\gamma^{j})$
, $a$ $\in$ $\mathrm{G}\mathrm{F}(q)$ $|\phi_{k,r}(a)|$ ,
$|’\phi_{k_{:}r}(a)|$ $\mathrm{i}\mathrm{n}\mathrm{d}_{-/}a$ (fnod $k$ ) .
$0\leq j\leq k-1$
$\Phi_{k,7}.(.j)$ $:=$ $\acute{\varphi}_{k\cdot,r}(_{l}\cap\dot{s})$ ,
$\Psi_{k,r}.(j)$ $:=$ $\psi_{k_{:}r}(\gamma^{\mathrm{j}})$




10 ( $n$ : even, $q=p^{7}$. $P_{d_{\text{ }}}$ ) $n$ $>$ 2
, $q$ $=p^{r},$ $p$ $\equiv$ 1 $(\mathrm{m}\mathrm{o}\mathrm{d} k)$ .
$\mathscr{S}=g=\mathrm{G}\mathrm{F}(q)^{n},$ $ff=\mathrm{G}\mathrm{F}(q)$ ,
$F(.x_{1}, \ldots, x_{n})=x_{1}^{k}+\sum_{i=2}^{?\mathrm{t}}x_{i^{2}}$ .
:
$P_{d_{0}}=+ \underline{1}\frac{\max_{0\leq j\leq k^{h}-1}\{|1+k(-1)^{j}\Psi_{kr}(j)|_{\int}^{1}}{-(_{\eta}.[perp] 9.\backslash /9_{-}}.$
.$\frac{1}{q}+\frac{\max_{0\leq j\leq k^{h}-1}\{|1+k(-1)^{j}\Psi_{kr}(j)|_{\int}^{1}}{q^{(n+^{\underline{\mathrm{o}}})/2}}$
.
$t\in \mathrm{G}\mathrm{F}(q)$ , $t_{k}\in \mathbb{Z}$ $\mathrm{i}_{11}\mathrm{d}_{\gamma}(-t)\equiv t_{\mathrm{A}}.$.
(mod $k$ ), $0\leq t_{L}$. $\leq k-1$ . 1 $F=$








$P_{d_{0}}$ $:=$ $\max$ $\frac{|F^{-1}(t)|}{q^{n}}$
$t\in \mathrm{G}\mathrm{F}(c])$









11($n$ : even, $k$ : odd, $q=p^{r}\sigma$) $P_{d_{\text{ }}}$ )
10 $\text{ _{}1}\prod\overline{3}$ , $k$
:
$P_{d_{0}}= \frac{1}{q}$ $\frac{\max_{0\leq j\underline{\backslash }\lambda\cdot-1}\nearrow.\{|1+k\Phi_{k,r}(j)|\}}{q^{(n+2)/2}}$.
6 $k$ , $q=p^{r},$ $P$ : , $p\equiv 1$
(mod ,
$\varphi/_{k_{:}^{-}\prime}.(1)\neq 0$
. $\Phi_{k,\}^{\sim}}(0)\neq 0$ .
$\psi_{k,r}(-1)=\prime n^{--}1\sum_{-}^{p-1}$ \mu (m –l).
$p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} k)$ $p^{r}\equiv 1$ (nlod $k$ ) , $X^{k}$. $-$
$1\in \mathrm{G}\mathrm{F}(q)[X]$ .




$1)_{:}\cdots.\mu((p-1)^{k}-1)\}$ $k$ { 0 $p-1-k$










$P_{d_{0}}= \frac{1}{q}+\frac{1}{q^{(n+^{\underline{\mathrm{o}}})/2}}\cdot \mathrm{n}\mathrm{z}\mathrm{a}\mathrm{x}0\leq j\leq k-1\{|1+k\Phi_{k,1}(j)|\}$
$> \frac{1}{q}+\frac{k-1}{q^{(n\dashv 2)/2}-}$ .
33 $n$ Pd $(k=$
$3$ , 5 )
, $n$ , $F=x_{1}^{\mathrm{A}}\acute{.}+$
$\sum_{i=2}$ x $P_{d_{\mathit{0}}}$ $k=3,5$
( 14, 17).
$k=3$ :
12([1] Thm 31.1 &312) $k=3$ ,
$J( \chi.\chi^{2})=(\frac{-1}{p})I\acute{\mathrm{c}}(\chi)=K(\chi^{2})=a_{3}+ib_{3}\sqrt{3}$,
$a_{3},$ $b_{3}$ , :
$a^{\frac{9}{3}}+b_{3}^{?}arrow=p_{\mathrm{I}}$ $a_{3}\equiv-1$ (lnod 3), (.1)
$3b_{3}$. $\equiv(2g^{(p-1)/3}+1)a_{3}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$ . (2)
1([1], P.127) 12
$p=7,$ $g=3$ . (1) , $a_{3}=2$ ,




2 $A$ , $[A]$ :
$[A]:=\{$ 1:
$A\hslash\backslash \backslash -\#\backslash \mathit{0}\supset\wedge^{\wedge}\geq\not\leq$ ,
$\mathrm{O}_{\backslash }$
$Af_{\mathrm{J}^{\backslash }}\backslash \backslash \mathrm{f}\mathrm{f}\mathrm{l}_{\mathrm{t}\backslash \backslash }\emptyset g\mathrm{g}$.
6 , $a$ $[a]$
Gauss , $A$ $[A]$
fverson .
13 ([1] Theorem 622 ) $p\equiv 1(3)$
, $a_{3_{\}}b_{3}$ 12 $\phi_{3,r}(a)$
:
1. $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}a\equiv 0$ (nlOd 3) ,
$\frac{\phi_{3,r}(a)}{\mu^{r--1}\dot{(}-1)}=-1+2’(\begin{array}{l}r2j\end{array})(-3)^{j}a_{3}^{r-2j}b_{3}^{2j}j=0\mathfrak{t}\frac{\backslash }{\sum^{2}}\mathrm{J}$.
101








3, $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}a\equiv 2(\mathrm{m}\mathrm{o}\mathrm{d} 3)$ ,
$\mathfrak{l}\frac{r}{9}]$
$\frac{(b_{3\urcorner r}(a)}{\mu^{r-1}(-1)}=-1-\tilde{\sum_{j=0}}(\begin{array}{l}r2j\end{array})(-3)^{j}a_{3}^{r-2j}b_{3}^{2j}$
$-3, \sum_{-,\prime=0}^{[\frac{r}{2}\mathrm{J}-\mathrm{I}^{\underline{9}}|r\rfloor}\{\begin{array}{ll} r\mathit{2}j \text{ }1\end{array}\}(-3)^{j}a_{3}^{\tau-2j-1}b_{3}^{2j+1}$.
$\phi_{3,r}(a)$ $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}a(\mathrm{m}\mathrm{o}\mathrm{d} 3)$ 1
, $\phi \mathrm{s}_{:}\cdot,$ . 3 $\Phi_{3_{:}r}(0),$ $\Phi_{3_{:}r}(1)7$
$q_{1}3.r(2)$ .




$\phi_{3_{1}r}.$ : $\mathrm{G}\mathrm{F}(p^{7}.)arrow\{\Phi_{3.r}(0).\Phi_{3,r}(1\rangle, \Phi_{3},\cdot,.(2)\}$.
$\chi$ 6 $\chi^{3}=\overline{\chi^{3}}$ 2
[1] Theorem 2.11(c)
$K(_{\lambda’}^{3}):=\chi^{3}(4)J_{1}(\chi^{3}.\chi^{3}.)=-\chi^{3}(-1)$





$\underline{\phi_{3,r}}$(aj/,)r- l $\mu^{\prime r-l}(\angle-1)(-1)=2\Re\{\overline{\hat{\chi}^{2}.}(a)(a_{3}+\mathrm{i}b_{3^{\sqrt{3})^{r}\}}}$ .
$\hat{\chi}(g)=\exp(2\pi \mathrm{i}/6)=$ ( $1$ $\mathrm{i}\sqrt{3}$) $/2$
.
14($k=3,$ $q=p^{r}$. $P_{d_{0}}$ ) $n>2$
, $q=p^{r},$ $p$. $\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 3)$ . $\mathscr{S}=$
{ff $=$ $\mathrm{G}\mathrm{F}(q)^{n}$ , $\mathscr{F}$ $=$ $\mathrm{G}\mathrm{F}(q)$ ,




13 $F^{J}=x_{1}^{3}+\cdot Ij\dot{2}\mathrm{Q}+\cdots$ $x^{\frac{7}{n}}.$ , $7\mathfrak{l}$,
$F=t$ $N_{3},\cdot,$. , $q=.p^{r}$
$\frac{N_{3,r}-q^{(7\iota-1)}}{\mu(-1)^{()/\underline{\mathrm{Q}}}n-\underline{9}q^{(\eta-}}$2)/2=\mu (f/)+3\mu (-l)\psi 3,\uparrow (- )
$=\mu(t)(1+3\dot{\phi}_{3,r}((-t)^{-1}).)$ .
$1\mathrm{n}\mathrm{a}\mathrm{x}_{t\in \mathrm{G}\mathrm{F}(q)}|F^{-1}(t)|$ :











15([1] Thm 37.2 &373) $k=5$ ,
$( \frac{-1}{p})K(\chi)=K(\chi^{4})$
$=a_{5}+b_{5}\sqrt{\mathrm{D}^{\ulcorner}}+\mathrm{i}c\mathrm{s}\sqrt{5+2\sqrt{\mathit{0}^{r}}}\text{ }\mathrm{i}d_{5}\sqrt{5-2\sqrt{5}}$,
$a_{5}$. $,$ $b_{5},$ $c_{5},$ $d_{5}$ , :






$\pm(a, b, -c, -d)$ ,
$\pm(a, -b, -d, c),$ $\pm(a_{:}-b\backslash d, -c)$
$a_{5)}b_{5},$ $c\mathrm{s},$ $d_{\acute{0}}$ ,
:
$a_{\delta}\prime \text{ }b_{5}(2h^{\underline{9}}-2h^{3}. +1)+C_{\mathrm{d}}^{r}$ ( $h^{\underline{\mathrm{J}}}.+$ $3+\mathrm{h}^{4}$)
(6), (7)
$\{$
$o_{5}.+4h_{5}+8c_{\Gamma}\delta+5d_{5}\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} 11)$ ,
$5b_{5}^{2}-a_{5}^{2}\equiv 4(c_{r}^{2}-Od_{5}^{2}-4c_{5}d_{5})$ (Inod 11).
$-T^{\backslash ^{\backslash }}$ $(a_{5}, b_{5,D_{l}}c.r.d_{5})=(-1,1,1,0)$
.
16 ([1] Theorem 6.2.4 ) $p\equiv 1(5)$
, $a_{5},$ $b_{5},$ $c_{5},$ $d_{5}$ 15 $\phi_{5,r}(a)$
:
$\frac{\phi_{5,r}(a)+\mu^{r-1}(-1)}{2\mu^{\tau\cdot-1}(-1)}$
$=r_{\hat{\chi}}(a). (\begin{array}{l}7\cdot 2j\end{array})(-1)^{j}j=0\mathrm{I}\frac{?}{\sum^{\underline{9}}}\mathrm{J}(\alpha_{+}^{\gamma-\underline{7}}/’- \mathrm{I}-+\alpha_{-}^{7^{\cdot}}-2j/j2\mathrm{j}d_{-)}2j$
$- \mathrm{i}_{\acute{\chi}}(a)\sum_{j=0}^{[\frac{r}{2}]-\mathrm{i}^{2}|r_{1}^{1}}\{\begin{array}{ll} \tau\cdot 2_{J}^{-} \text{ }1\end{array}\}(-1)^{j}$
$\mathrm{x}(\alpha_{+}^{r-\cdot 2j-1}\beta_{+}^{2j\dashv- 1}+c\nu_{-}^{r-2j-1}\beta_{-}^{\underline{9}}j+[perp])$ .
$+d_{5}(/\iota^{2}+h^{3}-h-f\iota^{\lrcorner\prime})\equiv 0$ (lnod $p$ )
$\dot{J}$
(6)
$\vec{}\vec{\mathrm{c}}^{-}T^{\backslash }.o\mathrm{i}+)\alpha_{-},$ $\beta_{+},$ $\beta_{-}\text{ }$














2([1], P.127) Thm 15 , , $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}a$ (rnod5) :
$p=11,$ $g=2$ . $h=g^{(\mathrm{p}-1)/10}=2$ .
$a\mathrm{g}\equiv-1(5)$ $a_{5}^{2}\equiv 1(5)$ $a_{\mathrm{d}}r=-1$ .
$r_{\overline{\chi}}(a)$ $:=$ $\Re(-\hat{\chi}^{2}(a.))$
(4) $b_{r}^{2}\circ$ $c_{5}^{2}.+d_{5}^{2}=2$ . ,
$(|b_{5}|_{\dagger}|c_{5}.|. |d_{\mathfrak{d}}\ulcorner|)=(1,1,0),$ $(1,0,1)$ or (0, 1, 1).
$=$ $\{$
(5) ,
$(b_{5_{j}}c_{5}, d_{5})=(1_{?}\pm 1_{:}0)_{?}(-1,0, \pm 1)$ .
1, $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma^{l}}a\equiv 0(5)$ .
$(\sqrt{5}-1)/4\backslash$ $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}a\equiv 1(5)\tilde{.}$
$-(\sqrt{5}+1)/4$ . $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}a\equiv 2(5)_{:}$
$-(\sqrt{5}+1)/4$ , $\mathrm{i}_{11}\mathrm{d}_{\gamma}a\equiv 3(5)_{:}$




$0\grave{.}$ $\mathrm{i}_{11}\mathrm{d}_{g}a\equiv 0(5)$ ,
$-\sqrt{10+2\sqrt{5}}/4’$. $\tilde{1}\mathrm{n}\mathrm{d}_{\gamma}a\equiv 1(5)$ ,
$-\sqrt{10-2\sqrt{5}}/4_{:}$ $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}a\equiv 2(5)$ ,
$\sqrt{10-2\sqrt{5}}/4_{:}$ $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}a.=-3(5)$ ,
$\sqrt{10+2\sqrt{5}}/4$ , $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}a\equiv 4(5)$ .
\phi 5-r( $\mathrm{i}\mathrm{n}\mathrm{d}_{\wedge/}a$ (nuod 5) 0)
, $\phi_{5,r}$ 5 $\Phi_{v_{:}r}$ (0) $\Phi_{5,r}.(1)$ ,
$\Phi_{5,r}(2),$ $\Phi_{5_{:}r}(3),$ $\Phi_{5,r}(4)$ .
$\phi_{5,r}$ : $\mathrm{G}\mathrm{F}(_{I^{\mathrm{J}^{r}}})arrow\{\begin{array}{ll}\Phi_{5,r}(0) \Phi_{5,r}.(1)..\Phi_{5,r}(2)\Phi_{5,r}(3) \Phi_{5,r}(4)\end{array}\}$ .


























$\chi^{5}=\mu$ , $K(\chi^{5})=-\chi^{5}(-1)$ (Thmn2.2.1 (c))










$(\begin{array}{ll} r2j +1\end{array})(-1)^{jj-1}\alpha_{+}^{r-\underline{9}}l^{9_{+}^{2j+1}}$ ,
$K( \chi^{2})^{r}=(\begin{array}{l}r2j\end{array})(-1)^{j}\alpha_{-}^{r-27}\beta_{-}^{2j}j=01\frac{r}{\sumarrow 9}\mathrm{J}$








$- \mathrm{i}_{\hat{\chi}}(a)\cdot\sum_{j=0}^{[_{\rfloor}-[2|r]}\frac{t}{2}\}(\begin{array}{ll} r2j +1\end{array})(-1)^{jr-2j-1} \mathrm{r}\gamma+/\mathit{3}_{+}^{2j+1}$
$+r_{\overline{\chi}}(a) \cdot(\begin{array}{l}r2j\end{array})(-1)^{j}\alpha_{-\beta_{-}^{\underline{9}}}^{r-\underline{?}jj}j=01\frac{\prime}{\sum\underline{\nabla}}!$
$-i_{\hat{\chi}}(a) \cdot.,\sum_{j=0}^{1_{-}^{\underline{r}}\mathrm{J}-[2|r]}(\begin{array}{l}72j+1\end{array})(-1)^{j}\alpha_{-}^{r-2j-1}\beta_{-}^{2\mathrm{j}+1}$
$\mathrm{i}_{11}\mathrm{d}_{\gamma}$ $a$ (mod 5) $\mathrm{i}\mathrm{n}\sigma 1_{\gamma}$ $a^{-1}$ (mod 5) $\phi_{5,r}(a^{-1})$
$0$ 0 $\Phi_{5,r}(0)$
1 4 $\Phi_{5}$ , $r(\prime 4)$
2 3 $\Phi_{5,\tau}(3)$
3 2 $\Phi_{5}$ , $7^{\cdot}$ (2)
4 1 $\Phi_{5}$ , $r(1)$
$.q\in \mathrm{G}\mathrm{F}(p)$ $\hat{\chi}(.q)=\chi(g)$ ,
$\hat{\chi}.(g\dot{)}=\mathrm{e}\mathrm{x}_{\mathrm{I}^{\mathrm{J}}}\mathrm{t}\frac{2\pi i}{10})=\frac{(\sqrt{5}+1)+\mathrm{i}\sqrt{10-\underline{9}\sqrt{5}}}{4}$
,







17(A $=\mathrm{L}\ulcorner\},$ $q=p^{r}$ $P_{d_{0}}$ ) $n>2$
, $q=.p^{r},$ $p\equiv 1$ (mod 5) . $\mathscr{S}=$
$g$ $=$ $\mathrm{G}\mathrm{F}(q)^{n}$ , $\mathscr{F}$ $=$ $\mathrm{G}\mathrm{F}(q)$ ,
$F(.x_{1}, \ldots.x_{n})=x_{1}^{5}+\sum_{i=}^{n}\underline{9}$ .
:
$P_{d\mathrm{o}}= \frac{1}{q}+\frac{1}{q^{(n+^{\underline{\mathrm{Q}}})/2}}\cdot\max\{|1+\Phi_{5,r}(j)|\}0\leq j\leq 4^{\cdot}$
$k=5,$ $n$ : even, $p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 5)$ .
, $\phi_{5_{:}r}(j)(j=0,1,2,3,4)$ Thm 15
. $F=x_{1}^{5}+x_{2}^{2}+\cdots+$ )$x^{\frac{9}{n}}.’ n$ :even $\mathit{0}\supset$
$F=t$ N5, ,




$1+5\Phi \mathrm{S}_{\}}7^{\cdot}(0)\dot,$ if $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}(-t)\equiv 0(5)$ ,
$1+5\Phi_{o,r}r(4)_{:}$ if $\mathrm{i}\mathrm{n}\mathrm{d}_{\gamma}(-t)\equiv 1(5)$,




$1+5\Phi_{5_{1}r}(1).$, if $\mathrm{i}_{11}\mathrm{d}_{\gamma}(-t)\equiv 4\dot{(}_{\mathrm{t}2}^{\ulcorner})$ .
$1\mathrm{n}\mathrm{a}\mathrm{x}_{t\in \mathrm{G}\mathrm{F}(q)}|F^{-1}(t)|$ :







$q$ $q^{(n+2)/2}$ $0\leq j\leq 4$
$\blacksquare$
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